Abstract: In the paper the topological derivative for arbitrary shape functional is de ned. Examples are provided for elliptic equations and the elasticity system in the plane. The topological derivative can be used for solving shape optimization problems in structural mechanics.
La d eriv ee topologique en optimisation de formes 1 Introduction
The topological derivative for a shape functional is de ned in the following way.
Assume that IR
N is an open set and that there is given a shape functional J : n K ! IR for any compact subset K . We denote by B (x); x 2 , the ball of radius The partial di erential equation for u = u is called the state equation for the shape optimization problems under considerations. We show that for a class of shape functionals it is su cient to solve in the unperturbed domain the state equation as well as the appropriate adjoint state equation in order to evaluate the topological derivative T(x); x 2 . This means that the derivative can be used in shape optimization for broad classes of shape functionals and partial di erential equations. Some examples, where the derivative is explicitely given for model problems, are provided. Our results can be described in the following way. For the shape functional J ( n B (x)) we introduce the function of the small parameter 0 of the form J( ) = J ( nB (x))) and determine for N = 2 the second order derivative J 00 (0 + ). Therefore, the following expansion is obtained
In the very special case of the energy functional, the so{called compliance functional in linear elasticity, the topological derivative is in fact considered in 7] . The derivative is used in numerical methods of optimal design for the speci c choice of shape functional 7] . In order to di erentiate the energy functional with respect to the variations of the boundary of the domain of integration the knowledge of the shape derivative of the state equation with respect to the boundary variations is not required. Therefore, the results obtained for the particular case of the energy functional cannot be directly generalized to the case of an arbitrary shape functional.
In the paper the derivative is de ned for an arbitrary shape functional and evaluated for solutions of scalar elliptic equations and the system of elasticity in the plane. For su ciently small > 0 it is always possible to remove E from , obtaining = n E ; @ = @ @E :
In such a domain we de ne the following system
which coincide with (1) for = 0. Zochowski
The shape functionals we shall consider have the following form:
where p 1 is selected in such a way that (3) are prescribed. Then p = 2 and g; h must be compatible with u 2 W 1 4 ( ). We refer the reader to 2] for the regularity of solutions to the elliptic equations in non smooth domains. Observe, that the interior regularity of u in is determined by the regularity of the right hand side f for elliptic equations.
The rather restrictive assumption f 2 C 1 ( ) is su cient for our purposes, but it is not optimal. On the other hand the formulae (4), (5), de ned below at x 0 = 0, formally can be used to de ne functions J 00 u (x); J 00 g (x); x 2 which have the following property J 00 u (x); J 00 g (x) 2 L 1 loc ( ) for u; v; w 2 H 1 ( ), and say f 2 L 2 ( ).
The following form of topological derivatives is obtained. Remark 1 From (4), (5) it follows that the topological derivatives for the shape functionals (2), (3), take the following form at x = 0,
and
respectively.
Proof: Proof is divided into three steps. The rst step consists in transformation of (P( )) de ned in = n E , into the simpler elliptic equation de ned in the domain = nB by using an appropriate change of variables. Here we denote B = B (0), 0 2 . In the second and third steps the formulae are derived for the latter equation and then translated to the original problem by the inverse change of variables.
Step 1. The corresponding equation in the domain with the hole B has the form u = f in ; (7) u = g on ? 1 ; @u @n = h on ? 2 ; @u @n = 0 on ? = @B : The resulting shape functionals after the change of variables take the following form,
This is due to the fact, that K = R R T . To make the notation still simpler, we shall compute derivatives of the following functionals:
Step 2.
In the sequel we denote by ( ) 0 the derivative @( )=@ which can be considered as a particular case of the shape derivative. We refer the reader to 8] for the details on the shape di erentiabilty of integral shape functionals and solutions to partial di erential equations of elliptic type. By an application of (56) it follows that Step 3. Having computed the integral, we must again express it in terms of H. The assumptionH = I is adopted in the paper in order to simplify the obtained formulae.
Test cases for Laplace equation
The explicit formulae for the derivatives obtained in the previous section are presented for three examples. 
The rst shape functional under consideration depends on the displacement eld,
It is also useful in the framework of elasticity to introduce the yield functional of the form
where S is an isotropic matrix. Isotropicity means here, that S may be expressed as follows
The following assumptions assure that J u ; J are well de ned for solutions of the elastity system.
(B1) Pure cracks are admissible, even having di erent types of boundary conditions prescribed on both edges (ie. tractions and displacements). Then p = 1 and g; h must be compatible with u 2 H 1 ( ; IR 2 ).
(B1) Reentrant corners with < 2 and the same types of boundary conditions are prescribed on both edges of each corner (traction{traction or displacement{ displacement). Then p = 2 and g; h must be compatible with u 2 W 1 4 ( ; IR 2 ).
The interior regularity of u in is determined by the regularity of the right hand side f of the elasticity system. For simplicity the following notation is used for functional spaces, 
The adjoint state equations for the functional J u are introduced.
Find w 2 H 1 ? 1 ( ) such that, for every 2 H 1 Finally, the angle denotes the angle between principal stress directions for displacement elds u and w in (36), and for displacement elds u and v in (37). By principal stress directions we mean, as usually, the coordinate system in which the stress tensor is diagonal.
Proof. Let 
